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vwee J(z) i-oxgest integer 3 s'.xh that X <Z.
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1hA ~StA*23ALT4 -fc.t1~ Q4? method of 1*e"V sqa-weý' t-be estinktors
""-irt '. t r-'A ,41 2-,* ef sqluasreS eL ily er5.-juid PS Solution. (f a

s iltneoa ii~ar equ-ln. Thi.e is not the cue 'it~er comJ-ruct..-r

e~t-,ntorsC for %he slcoes, loterce.=ts an point of intereetl=n of tw!ý intertect-

-4 lines. Cha. pMApci.e - this ;A is tL txhibllt the somwbat mK)'e comlicated

-. n ...izet~on procedure which r"t be .zzed in this :&see Th1. resuAs below are

'idently rot new, thogh th" ,•thmr has been na&ble to find a discussiond' thic

pe.rtlcu!ar problem in the literstua-e.

R. E. Qua&Mt &-5• nd 1960) discsec a o.izlar estimation problem in which

t= two rear^aiou i.LAi- ax-e rzt revuired to intersect as well as tests (aaeuinig

that the deviatlow frc regreszior. are normaly distributed) of the by'potbesis

Inat rhe twn regres.on lines are, in feact, the sa&. 3. S. ?&a.- (1955 and 1957)

discuss-es a cn-pi,ýametrlc test of this hypothesis.

The :oblem w,,er consideration here is as follows: Suppose Yl- X2< *.1 X2 n
are a set of in _,erlent varlables and Yl,...,Yn correspodinC, cbanc.. !,riabloes

related to the X, 'z by

EY =a 4-6X if X <X

ma 2+p^.2Xi if Xi x

where 8i6 2 and X*-(a We wish to compute least squares estimators

A

mm^°~~~~~~f ryl w, i' p and K::', i.e., we wish to. find those numbers •' ad_-

S z (zY (Y-
-. Y ,f 1 2

-:=L 'i:.=. (j -)+1-

where J(X: ) the largest integer J such tik-t X < "is a minimum. Note that we

cannot simply defferentiate ,iith -espect to the five parameters since C2 i-' not

a differentiable function of X".
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(11 o -eL(y ' )i- X

J+,
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where J=J(y>) Eq,;ationý (1), -,5 are readiLly solved, yialding the est~imat-xrs
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The second step in tL- mifnlmization procedure is to suppose that J is know-,
that iJ, that it is knoin only •hat Xj<x<Xj+I, and to find the least squares

estimator of X*, say 4 1, under this restriction. Thus we must find X'2 satisfying

52 
A

('.= S2 (z)

x <z <J+l

hif tIY,+>_-,2--•(zll%2(z 1
Xj< z <Xj+1

-- •.•+ •- •,, [Q,¢,)lQ(z•.]
X, < z< Xj1

'I J+l

In or-der to determine -X', we proceed as follows. Write

Qi(z) = r•.z 2 +siz+t. (1=1,2)

arzf consider the ratio Ql(z)/O1(z) as a function of ze(-moo). Note that

(10) d I(z) (r 2 z -*.z+t 2 ) (2r I a1's 1) z +S( 1  Z+t1 ) 2rz+s
dz ,(ZI - (r 2z 48s2 z+t 2 )" = 0

is satisfied at t co and at the two roots, say zI and z,, of the equation

(rs 0 -s-r 2 )z2 +2(rlt 2 " ,1r 2 )z+(slt 2"tis=0

Now, since -02(z) >0 for all z, the roots t cc are asymptotes of the c',=-e

Yl-bxl-y2 +b2 x2

1' ef ev

zI1 b2.bl

+2 (b, 2x 2
1
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+ (�,+ +(b2 jx7/Exý +b2 ,(2)]

+b-.2 (7Z+2)(Zb.-r'J lb1 /x/x2A ~/~)~~

at one of_ which the ratio i a maximum and at the other of which it is a minimum.

(This follows frcm the fact ..at %_ and 92 are bcth polynomials of even degree so

that the asymptotes at + co and. - co are identical. Hence Q, /Q. cannot have local

maxima at both z. and z since otherwise there would exist a point z3 with

Zl <z 5 <z 2 at which the curve would be a local minimum. But then ilhe- derivative

of 0./. would be zero at z.. contradicting the fact tha÷ z. and z^ are the only

finite roots of equation (10). Similarly Q 4I /Q cannot have local minima at both
Z! T)-A Z, N\

To determine whether S2 (z) or S2 (z 2 ) is the minimum sum of :5quares. note

that

r1z +s 1 z+tI rI

•-- r z r2 2

so that the value of 32(z) at ,he asymptotes is

Kb2 2_• +Kb2 +ab

Iun Z -
2 (Z s,".

2 - -
2

K K
z ->=uo E E

But the reduction in sum of squares at z1 is

(Elyl)2 (ZCy2
2  (EX l+ y)21 ... l l > •÷ 2

;X2 

I--

J 
~ iri
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T•us for Fixed J. S2 (z) is 5 mninium in (-oo,,x.) at z=z,.

Hence by the nature of the curve Ql(Z)/Q,(z), if considerp.tion is restricted

to ze(X,,X l tiren S2 (z) takes on its minimum value at z=(jl-b1 il-Z 2 +b2 22 )/(b 2 - )

Sif thi-i6 Point, ia .Vn t ... fv v 1 ,rA At either X, or X._ if not, ite•.

y1~bx1~y.tb2  yl-bzx1-y2+b2x,

x <z<X J+1 b2"bl

min [S2 (X ),S2, j+l)] otherwise.

The final step in the r•nimization o rocedul= r .. . to let J vary and minimize

Sover the intervals (xT,XJ+I). This minimization must be over J=l,-.-,n-1, the

velues, 1 ars! (ua-li ben ing l.s to tak ito consideration the possibil Ity

that X-< X2 or X -Xn. 1 (in which case estimators are obtained for only' one of

the lines). Thud te least squares estimators l, c, 2 satisfy

rain r n- [ (o• •x)2+ E (y _-sK)2]
mm m i 2+1• •J< ni -fl L < <(Ij-a S•,,'°,Y = ..-

I < < n-1 'T<'<XJ+l a 9 i ± I t)

J(o0-*) ^ A^n)

The abcve results now enable us to write the solution in a relatively simple

form. Denote

- iJ - 1 n

Yl,J Ji ' Y2,J 7 Z J-

-- -r

1

-- , 'I I l

-=.>•.-i.Im



a J jbl, J7- , J=2, °•,n-1

al+bl~ Y Y1

n

Z JJ A •,J

J+i ± -'L

'2,,T= i2  b

a2,n- +b2,n-,1n = Y

Sand

S 8 a h) 2 =bs2-bi e [xj,xj+]
J b 2,j bJ b 2,j 2b,J

m ian T (x~),S .qj.ý)] otherwise

for J--2,...,n-2, with

a n2 b .f

= Z (y )_ F X 2

n-i n-i
s2-= Z(.. )-b, n (X-& l • " ", - i--i 1 ,n-

The solution is then chose nuiibers al' a2" :l' 12' ,X such that

s , 2 , 'A • ^ 2 ^ ' x ^ rm in s2
i=l, . *",n-4

(Note that both lines are estimated only if

min S2= min i2
i=l,o .. n-1 i=2," :n-



This procedare may cc •pied directly to compute least squares estimators for

two intersecting polynomials (of the bdrme or differing degree), two non-inter-

sectinG polynomials (Cf. Quandt, l95,) or, in fact, many interL2cting or non-

intersecting polynomials in any sort of cambination. The c.lculations required

in t hez, na!es becme sEucessively cr- e cnmprex,

It has not been possible to detmiine the proerties of the aihcup estimemtors

when all parameters are unlnamwno If the deviations from the true regression are

asE'.-d to be normally distributed with ccmon variance a2, hrwever, the above

leasT sua-ars Cbtiwaxars are maximum lilkcw zod and the residaal mean scrare is

the maximum likelihood estimator of a2. Though exact variances of the above

estimators have not been obtained, conditional variauces and covariances give,

are easily computed since the estimators in the coditicnal case (given in

equations (6),'",(9)) are linear fu.-Etions of Y1 ," ,Yn. Estimates of these

conditional variances a-U2" covariances can be construct.2din the usual way using

the "pyooled" residual sum of squares mlnimized above. One is tempted to use these

estimates also in the unconditional case.
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